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Notations

Let p be an odd prime.

K /Qp, a CDVF, with perfect residue field k.

Fix m € K a uniformiser. ), := K and C’f, its tilting.
ch ~ 1&1@_):0? Of S = ( p%)neN,e’f = (Cp”)nEN-
Koo = UK( p%) and Kpoo = UK(CP")

vV vvy Vvyy
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Notations

= eT.
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(¢, I')-modules
Definition (Fontaine!)
An étale (,I')-module over Ak, consists of
(1) an étale p-module? (DKPOO,@D) over Ay o

3

(2) a pp-equivariant continuous® semilinear action T'.

Theorem (Fontaine)
We have a category equivalence

Mody r(Ak ) =~ Repg, (Gk)-

1J.M. Fontaine, Représentations p-adiques des corps locaux (1 ére partie). The Grothendieck Festschrift: A
Collection of Articles Written in Honor of the 60th Birthday of Alexander Grothendieck (1990).

A @-module is a finitely generated AKpoo -module DKpoc equipped with a PAK o -semilinear operator
©p over DKpoc and étale means that the linearization 1 ® ¢: AKpoo ®9’=AKpoo DKch — DKpoc is
surjective.

3 .
Being continuous for the natural topology of finitely generated AKP(X, -modules.
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(¢, I')-module theory is one of the central tool in p-adic Hodge
theory and has led to many progresses:

» The computation of Galois cohomology and lwasawa
cohomology (Herr, Cherbonnier-Colmez).

» The p-adic local Langlands correspondence for GL2(Qp)
(Colmez).

» The study of p-adic L-functions and lwasawa theory (Benois,
Berger).

» Emerton-Gee stack.
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Galois cohomology with (¢, I")-modules

Theorem (Herr?)

Let T € Repy, (Gk) and D .. € Mody,r(Ak ) the associated
(p,T')-module. Then we have

—1y-1 -
Dg,oe == Dk, ® Di oo ————— Do | ~ RI(Gi, T).

Theorem (Colmez®, Liu®)

Similar results hold for overconvergent and Robba ring coefficients.

4L. Herr, Sur la cohomologie galoisienne des corps p-adiques, Bulletin de la SMF 126, (1998).
l"—)P. Colmez, Représentations triangulines de dimension 2. Astérisque, 319, (2008).
6R. Liu, Cohomology and duality for (¢, I')-modules over the Robba ring. IMRN, (2008).
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Breuil-Kisin modules
> & = W(k)[[u]] = Aing := W(Opy);u = [7];
> W(k)[u][1/u)> =: A, > A:=W(C2);uws [7].
> ;&L = KGL.

Theorem (Fontaine, Kisin, Raynaud, Tate)
Modglp(G) ~ Rep%js’{o’l}(GK) ~BT/o,

Breuil-Kisin module theory recently serves as foundational tools
in integral p-adic Hodge theory, for example used in the following:
» Certain moduli theory of Galois representations (Kisin,
Emerton-Gee).
» The unifying A;jns-cohomology and then prismatic cohomology
theory developed by Scholze et al. (Bhatt, Morrow, Scholze).
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(i, 7)-modules
Definition (Caruso’)
An (¢, 7)-module (Dk_, Dy) over (AKOO,KL) consists of
(i) an étale p-module Dk over Ax__;
(i) a T-semi-linear endomorphism 7p on Dy :=A; Par.. Dk,

which commutes with ¢z, ©¥D and such that:

YyoTp = Tg(v) on D

Theorem (Caruso)
We have a category equivalence

Mod,, - (Ak,.. AL) ~ Repg, (Gk).

7)(. Caruso, Représentations galoisiennes p-adiques et (¢, 7)-modules, Duke Math. J. 162, (2013).
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Galois cohomology with (i, 7)-modules

Theorem (Tavares Ribeiro®)
Let T € Repy, (Gx) and let Dy, = (A @7, T)“*. Then we have

[EL & B oD oD, 5D, oD, oD, iﬁL] ~ RI(Gx.T)

p—1 ~ -1 1—¢ 0 X 1\t
whered:<w—1),ﬁ=<71 0 1@),?7:( 57)
T—1 0 (M -1 §—~ p—1

and § = (rx) —1)(r —1)~1.

8F. Tavares Ribeiro, An explicit formula for the Hilbert symbol of a formal group, Annales de I'Institut Fourier

61, (2011).
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Cohomology of (¢, 7)-modules

Theorem (Z.°%)

Let T € Repy, (Gk) and (Dx.,, D) € Mody (Ax,., AL) the
associated (¢, T)-module. Then we have

(tp—1)o(p—1) =~

‘DKoo w) DKoo ) EL,O DL70 ~ RF(GK,T).

where l~?L70 ={z¢€ Dr; y(z) = x4+ mp(z) + - + Tg(v)*l(x)}'
Theorem (Gao-Z.19)

(1) Similar results hold for overconvergent and Robba ring
coefficients.

9L. Zhao, Herr complex of (¢, 7)-modules, JNT. 271.
10H. Gao, L. Zhao, Cohomology of (¢, 7)-modules, Advances in Math. 476.
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(2) Let V, := (log 7P")/p" for n > 0 be the Lie-algebra operator
with respect to the 7-action, and define

1
Ny :=— -V,
pt

where t is a certain “normalizing” element. Then

(~Nv, B (p=1)

rig, Koo rig, Koo

(p—1, Ny)
D' le=l, Vo), DLg, "

rig, Koo S D

computeslgl H’(GK(M Vy=U,H" (GK(nn) V).

(_v ’ )
rig, K poo . DT

[ T (W_lvv’Y) DT rngoo

rig, Koo rig, K poo @ D

computes lim | HY(Gk () V) = Up H (G (), V)
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Definition (Du-Z.)
A (effective) prismatic (p, G)-modules is a triple (9, pon, Ton):
(1) (9, o) is a Breuil-Kisin module.

~

(2)

2) 1on a T-semilinear endomorphism of M .= Al ®Ra M whose
¢

linearization is a p-equivariant isomorphism:
9 ~
1®rm:A§t)®T76£m—>£m

such that -
Yo Ty = ngt(g) over 9t C 9.

It is called semistable if it satisfies
(ron — L) (M) € (A N W(mg, ) ©s M,
A semistable one is called crystalline if

(M) € A®) @g M.
14/17



Theorem (Du-Z. in progress)

We have category equivalences
Modfpl:iTS(G, A®)y ~ Rep;:s’zo(GK)

and
Mod! (6, AD)) ~ Repy™*(Gc).

Theorem (Du-Z. in progress)
(1) Let T € Repg;is’zo(GK) and O the corresponding prismatic

~

(¢, G)-module. Define

(AP @eM)) = {z € AP @eM; 1(z) = (I4+mm+-- 475" ) (@)}

and similarly (A?) @g 9M)o. Then we have
[gm bl on g (A @g M) L227L (A g gm)oJ [1/p]

15/17
computes Hi(G g, T[1/p]) after inverting p.



Let T € Rep;tfo(GK) and 90 the corresponding prismatic

A~

(p, G))-module.

o 2Lk on g (AR e M) 2L (4D g M) |
computes H; (G, T[1/p]) after inverting p.
(2) Let T € Rep%:S’ZO(GK) and 90 the corresponding prismatic

A~

(¢, G)-module. We have
[zm ol (A® »g zm)o} ~ RT((Ok) A, MA).

and taking Frobenius mapping fiber computes the cohomology for
the corresponding F-gauge

Tom—1 =1
[zm L (A®) g zm)o] ~ RT((OK)™™, E(Mp)).

Remark

A. Abhinandan constructed a 3-term complex using Wach modules
that computes H}(GK, T[1/p]) for T € Repy*(Gk) when K /Q,
is unramified. 16/17
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