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ABSTRACT. Faithfully flat descent of quasi-coherent sheaves is discussed in
this paper. The affine case is discussed in subsection 1.2, the general case is
in subsection 5.3. Before the descent theory, the notions of Grothendieck
topology, fibred category and stack are introduced briefly without any
proofs. An almost complete proof of faithfully flat descent is given. Some
applications can be found at the end.
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Here I mainly follow the explained FGA [2], but not the original SGA [1].
For a more elementary language/treatment of this topic one can refer to [3],
where the idea of descent theory is written very clear. Some useful information
can be also found in [5].

1. COMMUTATIVE ALGEBRA

Let A be a commutative ring with identity. The notation ® means ® 4 if
there will be no confusion.

1.1. Faithfully Flatness.

Definition 1.1. An A-module M (resp. A-algebra B) is called faithfully flat
if for any sequence of A-modules 0 — N’ — N — N” — 0, it is exact if and
only if 0 = N@M - N®@M — N'"®@M — O(resp.0 - N ®B—> N®B —
N"® B — 0) is exact.

Theorem 1.2. For an A-module M (resp. A-algebra B), the following are
equivalent:

(1)M (resp.B) is faithfully flat;
(2)M (resp.B) is flat, and A-module N # 0 implies NQM # 0(resp. NQB #
0);

(3)M (resp.B) is flat, and for any maximal ideal m of A we have mM #*
M (resp.mB # B);

(4)(only for B) Spec(B) — Spec(A) is flat and surjective.
Proof. see [4]. O

Define a A-module sequence for any A-algebra B:

(1.1.1) Al pd  tpgendy

dp(bp®. . .Qby—1) = 1Qb®. . .®@by—1—byR1R. ..Qbp_1+...+(—1)"b®. . .Qb,_1®1
It is a complex. Tensor it with A-module M, we get a A-module complex:
(1.1.2) MY MeBS . " MeBo

Theorem 1.3. If B is faithfully flat A algebra, then the complexes 1.1.1 and
1.1.2 above are exact.

Proof. We only need to prove exactness 1.1.2.
First we assume that there is a section g : B — A of f : A — B (i.e.
gf = id). Define an A-module morphism for each n,

s, M ® B®" — M @ B®(n—1)
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MmMRby® ... b1 +— glbp)m b1 @ ... R by_1,
it makes sense and can be check that sd 4+ ds = ¢d — 0, hence the identity map
is null chain homotopic, the complex is exact.
In general, apply ® 4B to the A-module complex 1.1.2, we get an A® 4 B ~

B-module complex for the pair (B 19id p ®A B, M ®y B) since (M ®4 B)®p
(B®a B)®B" ~ M ®4 B*a(n+l) But now, B gt p ®4 B has a section
B®4 B — B;x ®y — xy, hence the new complex is exact and by faithfully

flatness we obtain the desired result. O

1.2. Descent of Modules. Let f : A — B be a ring homomorphism, M an
A-module, then N = B ® M is a B-module, the descent problem is that in
which case a B-module is of this form, here we restrict ourselves to assume f
to be faithfully flat.

For an A-module M, we have a canonical A-module isomorphism ¢p; :
M®B - BM;m®b+— b®m, and a A-module homomorphism aj; :
M— B M;m—1Qm.

Let N be a B-module, then N9 B® B, BN ®B and B BQN are B®3-
modules with scalar product (by ® by ®b3) (21 @22 @x3) = (b121 @ bawa ® baxs)
(different meanings in three cases), they are not isomorphic in general.

Assume that there is a morphism ¢ : N @ B — B ® N of B®2-modules.
Then we get three morphisms of B®3-modules,

Y1 =idp®1Y:BAN®B — B®B®N,

Yo = (idp ®ty)o (Y ®idg)o (idy @) : N®B®B — B®B®N,
Y3=19R®idp: N® B® B— B® N Q B,
in deed, it is just by inserting the identity in the first, second and third position,
respectively.

We define a category Moda_.p. Its objects are pairs (N, ), where N is a
B-module, ¢ : N ® B — B ® N is an isomorphism of B¥2-modules such that
g = 11 0 1p3. Its morphism S : (N,¢) — (N’,¢) is a B-module morphism
B : N — N’ such that the following diagram commutes.

NoB—3BoN

ﬁ®idBJ, J,idB ®B
,(/)/

N @B—B®N'

We can define a functor F' : Mods — Moda_. g, on objects an A-module
M sends to (B® M, ) with ¢y =idp @iy : (BOM)®B — BR (B M)
an isomorphism of B®?-modules. On morphisms, a : M — M’ sends to
idg®a : B® M — B ® M’ which can be checked to be a morphism in
MOdA_>B.

Theorem 1.4. If B is a faithfully flat A-algebra, then F : Modas — Moda_.B
is an equivalent of categories.



Proof. First we define a functor G : Mods_.gp — Mod,4 as follows. The pair
(N, ) sends to GN =l {n € N|l1®n =1(n® 1)} which is a A-submodule of
N. A morphism (3 : (N, 1) — (N',¢’) sends to § : GN — GN’ which can be
checked to make sense.

Consider e1,e9: B— B® B, e1(b) =b® 1 and ez(b) = 1 ®b. From 1.3, we
get a exact sequence

(1.2.1) 0-MYBoM 2 gopoy M
Notice that
((61 —€2)®idM)(b®m) = 1M —-—1b®m

= Yydbeamel)—1b@m
for any m € M and b € B, hence we obtain
((61 — 62) ® sz)(a:) = wM(a: &® 1) - 1®x
for any x € M, so G(B ® M, ) = ker((e1 — e2) ® idp) by definition of G.
From the exact sequence 1.2.1, we obtain that
M — im(apr) = ker((e1 — e2) ® idy) = G(BR M,y ) = GF(M)

defines a natural isomorphism from the functor GF' to identity.

Conversely, starts from an object (N,¢) in Moda_p, M = G(N,v) is
an A-submodule of N which itself is a B-module, this induces a B-module

homomorphism 6 : B® M — N;b® m — bm. We want to check that 0 is
morphism in Moda_. g, that is the following diagram commutes.

id s

0Ri
BOM®B—--—

N®B
wM:idB(@LIWJV Jfl’
idp®0
BRBRXIM-———B®N

In fact,
YO ®idg)(by @m®by) = P(bym R be)
(b1 ®@b2)p(m @ 1)
(b1 @ b2)(1 ®@ m) (since m € M)
b1 ® bom
= (idM ® 9)(51 ® by ® m)
= (idB (024 9)(ZdB X LM)(bl XKm K bg)

Hence 0 defines a natural transformation of functors F'G and id.

We have the following diagram,

iQidp (a—PB)®idp
0— MB—N®®B—>BQNQ®BRB

J,GOLM Jfl’ J%
am (e1—e2)®idn

0 N BRN-——B®B®N
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The first row is exact since B is flat, the second row is exact since B is
faithfully flat and theoreml.3.

This diagram commutes. For the first square, ap/fip(m @ b) = 1 ® bm
by definition, and (i ® idg)(m ® b) = 1 ® bm follows from the fact that
m € M,y(m ® 1) = 1 ® m. For the second square, it is immediate to check
that 11 o (a ® idp) = (e2 ®idy) o ¢ ,and on the other hand,

Vi(B®@idp)(n®b) = Pi(P(n®@1)®Db)

P1Y3(n®1®0b)

Y2(n®1®0D)

(idp ® 1N) (Y ®idp)(idy ® t)(n®1®b)
(idp @ tN) (Y ®idp)(n®b® 1)

= (idp®w)(P(n®b) ®1)

= (e1 ®idy)((n ® D)),

where the last equality can be checked as follows: By linearity, we can assume
that ¥(n ® b) € B® N is of the form a ® m with a € B and m € N,

(idp@iny)(a@m®1)=a®1®@m = (e; @idy)(a @ m).

Notice that 1) is an isomorphism and 1; = idg ® ¥ is also an isomorphism
since B is flat, hence 0 o tj; then 6 is an isomorphism. O

2. ALGEBRAIC GEOMETRY

Definition 2.1. A morphism of schemes is called faithfully flat if it is flat
(i.e. the induced morphism on the stalks is flat morphism of algebras for every
point) and surjective.

Proposition 2.2. Let f: X — Y be a surjective morphism of schemes. Then
the following conditions are equivalent,

(1)Every quasi-compact open subset of Y is the image of a quasi-compact
open subset of X;

(2) There exists a covering V; of Y by open affine subschemes, such that each
Vi is the image of a quasi-compact open subset of X ;

(3)Given a point x € X, there exists an open neighborhood U of x in X,
such that the image of U is open in Y, and the restriction U — f(U) is
quasi-compact;

(4)Given a point x € X, there exists a quasi-compact open neighborhood U
of x in X, such that the image of U is open and affine of Y.

Proof. see [2]. O
Definition 2.3. An fpgc morphism of schemes is a faithfully flat morphism

that satisfies the equivalent conditions of Proposition 2.2.
The word "fpqc” stands for “fidelement plat et quasi-compact”.

Remark 2.4. A quasi-compact faithfully flat morphism is always fpqc.
5



3. TOPOLOGIES AND SHEAVES

In this section, we assume that any category under discussing has a final
object and finite fibre product exists.

3.1. Grothendieck Topologies.

Definition 3.1. Let C be a category. A Grothendieck topology(or simply
topology) on C is for each object U of C a collection of sets of morphisms
{U; — U} called a coverings of U such that

(1)if V' — U is an isomorphism, then {V — U} is a covering of U;

(2)if {U; — U} is a covering of U, then for any morphism V' — U, {U; xy
V — V'} is covering of V;

(3)if {U; — U} is a covering and for each i {Vj; — U} is a covering, then
{Vij = Ui — U} is a covering of U.

A category with a Grothendieck topology is called a site.

Ezample 3.2. (the global Zariski topology)

Let C be the category of schemes. As definition {U; — U} is a covering of
U if U; — U is open immersion for every ¢ and {U; — U} is surjective (i.e.
the union of images is U).

Ezample 3.3. (Zariski topology on a scheme) Let X be a scheme, C be the
full subcategory of the category X-schemes containing only open immersions
of X. A covering {U; — U € Homx(U;,U)} of U — X € C consists of
open immersions of U, and this family of morphisms is surjective. This site is
denoted by X.4.

Ezample 3.4. (the global small étale topology)

Ezample 3.5. (small étale topology on a scheme) Let X be a scheme, C be the
full subcategory of the category X-scheme containing only locally of finite pre-
sentation morphisms U — X. A set of morphisms {U; — U € Homx (U;,U)}
is a covering of U — X € C if it is surjective and the induced morphism
[1Ui; — U is a locally of finite presentation étale morphism. This site on X is
denoted by Xj;.

Ezample 3.6. (the fpqc topology on a scheme) Let X be a scheme, C be the
category X-scheme containing morphisms U — X. A set of morphisms {U; —
U € Homx(U;,U)} is a covering of U — X € C if it is surjective and the
induced morphism [[U; — U is a fpqc morphism (see Definition 2.3).

Remark 3.7.

(1)The fpqc topology on X is finer than the étale topology, and the étale
topology is finer than the Zariski topology.

(2)If we define fpqc topology by using the word "faithfully flat quasi-compact”
instead of "fpqc”, then the topology cannot be compared with the Zariski topol-
ogy.



3.2. Canonical Topology of a Category.
Definition 3.8. A family of morphisms {U; — U} in C is called epimorphism
if Hom(U, Z) — [[; Hom(U;, Z) is injective for any object Z € C.
It is calledeffective epimorphism if
0— Hom(U, Z) — [[ Hom(U;, 2) = [ [ Hom(U; xu Uy, Z)
i i
is exact for any object Z € C.

It is called wuniversal effective epimorphism if {U; xy V. — V} is effective
epimorphism for any V — U.

Define a topology on a given category C as follows. For any object U of C,
{U; — U} is a covering of U if it is universal effective epimorphism. It’s easy
to check that this is a topology on C, called canonical topology on C.

3.3. Sheaves on Topologies.

Definition 3.9. Let C be a site, a functor F' : C° — set is called a presheaf
on the site C.

It is called a sheaf if the following sequence is exact for any object U in C
and any covering {U; — U} of U:
pripry
0—FU—[[FU: =" [[FW: <0 U;)
{ 2%
If the sequence is only exact at the first position, then the presheaf is called
separated.

Remark 3.10. It may happen that for different site C; and Co with the same
underlining category, the categories sheaf on C; and sheaf on Co may be the
same (see the next subsections).

Not all representable presheaves are sheaves. If we put the canonical topol-
ogy on a category C, then all representable presheaves on C are sheaves. It
is the finest topology that we can put on a category such that this property
holds.

On X, all representable presheaves are sheaves, Zariski topology is weaker
than the canonical topology. In fact, this exactly means that we can glue
morphisms together in zariski topology. But in other topologies, it is not
trivial at all.

Theorem 3.11 (Grothendieck). A representable presheaf on X-scheme is a
sheaf in the fpqc topology. Consequently, it is also a sheaf on étale topology.

Proof. see [2], procedure is similar to the proof of descent theory of quasi-
coherent sheaves, using the following reduction lemma 3.12. U
7



Lemma 3.12 (Reduction Lemma). Let S be a scheme, F' : S — scheme® —
set a presheaf. Suppose that I satisfies the following conditions, then F' is a
sheaf in the fpqc topology.

(1)F is a sheaf in the global Zariski topology.

(2)Whenever V. — U s a faithfully flat morphism of S-schemes which are
both affine, the following sequence is exact.

0—FU—FV=F(V xyV)

Proof. The proof is similar to the stack version version reduction lemma 5.14,
but much more easy. For details see [2]. O

3.4. Sieves.

Definition 3.13. Let U be an object of a category C. A sieve on U is a
subfunctor of hyy = Hom(-,U) : C° — set.

Given any set of morphisms & = {U; — U} (not necessary a covering of
U), we can define a subfunctor hyy C hy, by taking hy(T) to be the set of
morphisms 7' — U that factors through some U; — U in U.

Let U = {U; — U} be a covering of U, F' : C° — set be a functor. We
define FU to be the subset of [[, FU; containing elements whose images in
[I;; F(Ui xu Uj) are equal. Then the restriction maps induce a function
FU — FU, then F is a sheaf (resp. separated) if and only if this map is
bijective(resp. injective).

Definition 3.14. Let 7 be a topology on a category C. A sieve S C hy on
an object U of C is said to belong to T if there exists a covering U of U such
that hyy C S.

Definition 3.15. Let C be a category, {U; — U}icr a set of morphisms. A
refinement {Vy, — U }aca is a set of morphisms such that for each index a € A
there is some index 4 € I such that V, — U factors through U, — U.

Proposition 3.16. Given two setsUd = {U; — U} and V ={V, — U} inC,
then V is a refinement if and only if hy C hy.

Proof. Check by definition. (I

Definition 3.17. Let C be a category, 7 and 7’ two topologies on C. We say
that 7 is subordinate to 7', and denoted 7 < 7', if every covering in 7 has a
refinement that is a covering in 77.

If 7 and 7' are subordinate to each other, then we say that they are equiv-
alent, denoted 7 = T

Proposition 3.18. Let 7 and T’ be topologies on C. Then T < T’ if and
only if every sieve belonging to T also belongs to T'.
In particular, two topologies are equivalent if and only if they have the same

sieves.
8



Proof. Check directly by definition. O
Proposition 3.19. Let T and T’ be topologies on C. If T < T', then every
sheaf in T' is also a sheaf in T.

In particular, two equivalent topologies have the same sheaves.

Proof. see [2]. O

This means sheaf theory does not depend on the topology, but depends on
which sieves are belonging to the topology.

4. CATEGORICAL LANGUAGE

4.1. Fibred Categories. Fix a category C, we do not need any topology in
this section. F is a category with a functor pr : F — C.. We draw the following
diagram to mean that for object pr& = U and for morphism pr¢ = f.

¢
—

£ U
[, ]
U—V
Definition 4.1. Let F be a category over C. An morphism ¢ : £ — n of F is
cartesian if for any morphism ¢ : ¢ — 7 in F and any morphism h : pr( — pré

in C with pr¢ o h = pr1), there exists a unique morphism 6 : ( — £ with
prd = h and ¢ o 0 =, as in the commutative diagram

PF¢

p].‘f — PFN

If ¢ — 7 is a cartesian morphism of F mapping to an morphism U — V
of C, we also say that £ is a pullback of n to U. It is unique up to a unique
isomorphism.

Definition 4.2. A fibred category over C is a category F over C, such that
given a morphism f : U — V in C and an object n of F mapping to V, there
is a cartesian morphism ¢ : £ — n with pr¢ = f.
Definition 4.3. If F and G are two fibred categories over C, then a morphism
of fibred categories F': F — G is a functor such that:

(1)F is base-preserving, that is, pg o F' = pr;

(2)F sends cartesian morphisms to cartesian morphisms.

9



Definition 4.4. Let F be a fibred categories over C. Given an object U of
C, the fibre F(U) of F over U is the subcategory of F whose objects are the
objects £ of F that are mapping to U, and whose morphisms are morphisms
in F that are mapping to idy.

If F: F — G is a morphism of fibred categories over C, and U is an object
of C, the functor F' sends F(U) to G(U), so we have a restriction functor
Fy: F(U)— G(U).

Definition 4.5. A cleavage of a fibred category F — C consists of a class K
of cartesian morphisms in F such that for each morphism f : U — V in C
and each object n in F (V') there exists a unique morphism in K with target
1 mapping to f in C.

A cleavage is called a splitting if it contains all the identities, and it is closed
under composition. A fibred category endowed with a splitting is called split

By the axiom of choice, every fibred category F — C has a cleavage. In
fact, it is unique up to a unique isomorphism. But it is not necessary that the
fibred category has a splitting.

Proposition 4.6. Fvery fibred category is equivalent to a canonically defined
split fibred category.

Proof. See [2]. O

Suppose that V — C is a fibred category with a chosen cleavage, S an object
of C, C/S the subcategory of S-objects in C. Let £ and n be two objects in
FU). Given u : U — S in C/S, u*¢ and u*n are pullbacks in the chosen
cleavage of £ and 7. Define Homg(&,7n)(U) to be the set Hom .z (u*§, u™n).
If f: Uy — Us is a morphism in C/S, denote & = u/¢ and 1; = w1, they are
objects in F(U;). Then there is a unique morphism oy (resp. (Bf), which is
again cartesian, making the following diagram commute.



. Therefore from the universal property of cartesianess, there exists a unique
morphism f*¢ for any ¢ € Homz,)(§2,72) satisfying the following diagram.

S
Uy =——=10

, hence we have defined a pullback function

I HOm]-'(UQ)(€27772) - HOmf(Ul)(flam)

It can be check that this gives a functor Homg(&,n) : (C/S)° — set since
the pullback in a chosen cleavage is unique, sending U to Hom gzt (u*&, u*ng)
and f to f*. This functor does not depend on the choice of the cleavage in the
sense that different cleavages give functors which are canonically isomorphic.

4.2. Pseudo-functor.

Definition 4.7. A pseudo-functor ® on C consists of the following data.

(1)For each object U of C a category ®U;

(2)For each morphism f: U — V a functor f*: ®V — ®U;

(3)For each object U of C an isomorphism ey : idj; ~ idey of functors
dU — U,

(4)For each pair of morphisms U 4, V4 W an isomorphism

apg: frg" =~ (9f)" : OW — U

of functors ®W — OU;

These data are required to satisfy the following conditions:

(a)If f: U — V is an morphism in C and 7 is an object of ®V, we have

iy, f(n) = ev(f™n) 2idi f'n — f*n
and
afidy () = ffev(n) : fridyn — f*n;

(b)Whenever we have morphisms U Lv s w7 and an object 6 of
F(T), the diagram following commutes.

x k% as,g(h0) * 7%
frg 0 ———— (gf)*h*0

f*agyh(e)l lagh,f(e)
o (%
f*(hg)*0 e (hgf)*0
11



Proposition 4.8. A fibred category over C with a cleavage defines a pseudo-
functor on C.

Proof. As seen in definition 4.4, from a fibred category F — C we nearly get
a functor U — F(U) the fibred over any object U of C. Once we choose a
cleavage, we will get the o/s from the uniqueness of cartesian morphism with
respect to this cleavage, then every condition can be checked. For details, see
[2]. O

Proposition 4.9. From a pseudo-functor on C, a fibred category over C can
be defined. Moreover, these two procedures are inverse to each other(up to an
isomorphism of fibred categories).

Proof. It is easy to construct a fibred category naturally, but one needs to
check everything which is confusing and boring. For details, see [2]. O

Therefore, to study a pseudo-functor is equivalent to study a fibred category
with a cleavage.

4.3. Examples. In fact, only one example will be given here: the fibred cat-
egory of quasi-coherent sheaves.

Let C = X — scheme, for U — X, we define QCoh(U) to be the category
of quasi-coherent sheaves over U. For any X-morphism f : U — V| the
pull back of any quasi-coherent sheaf is quasi-coherent, so we get a functor

f*: QCoh(V) — QCoh(U). However, in general for U Ly W, (gf)" #
f*g*, so U — QCoh(U) is not a functor. But (¢f)* and f*¢g* are canonically
isomorphic since (gf)« = f«g« and f* is left adjoin to f., Yoneda lemma
induces the canonical isomorphism between functors (¢gf)* and f*g*. One can
also check that the isomorphisms above satisfy the conditions in Definition 4.7,
so we get a pseudo-functor, hence a fibred category QCoh/X — X — scheme
by Proposition 4.9. For details, see [2].

5. DESCENT THEORY FOR (QUASI-COHERENT SHEAVES

5.1. Descent Data. Let C be a site, F a fibred category over C, we fix a
cleavage. Given a covering U = {o; : U; — U}, set U;; = U; xy Uy and Uy, =
Ui xy Uj xy U (in fact they depend on the “restriction” map), sometimes they
are denoted simply by U,, where the index « stands for i, ij or ijk etc.

Definition 5.1. Let U = {o; : U; — U} be a covering in C. An object with
descent data ({&},{¢i;}) on U, is a colletion of objects & in F(U;), together
with isomorphisms ¢;; : pr3&; ~ pri& in F(Ui;), such that the following
cocycle condition is satisfied.

For any triple of indices ¢, j and k, we have the equality
Prizdik = priadij © prazdik : pri&e — pri&i

The isomorphisms ¢;; are called transition isomorphisms of the object with
descent data.
12



An morphism between objects with descent data

{ait s ({&} i) — ({mi} {vis})

is a collection of morphisms «; : & — n; in F(U;) such that the following
diagram commutes for each pair of indices %, j.

prio
t 299k
PToCj —— Pratly

¢z‘gi Jfﬁij
¥ o

priog
* *
bry & — prin;

It can be check that we have defined a category with objects with descent
data as objects, and morphism as above, this category is denoted by F(U) =
F{U; = U})

Remark 5.2. This category does not depend on the choice of fibred product
Ui; and Ui, from different choices we get isomorphic categories.

Until now, we didn’t use the fixed cleavage.

For each object & of F(U) we can construct a object with descent data on
the covering U = {o; : U; — U}. First set & = 07§, pri& is the unique pull
back of & along prq : U;; — U; in the fixed cleavage, pr3&; respectively, then
there is a unique isomorphism ¢;; : pr3§; — prj&;. It is easy to check that this
gives a object with descent data on . Similarly for morphisms in F(U). We
have defined a functor F(U) — F(U; — U).

Remark 5.3. This functor does not depend on the choice of the cleavage on C
up to a canonical isomorphism of functors. There are other ways to define the
category F(U) which do not need cleavage at all.

For better understanding of this most important concept, I would like to
give another definition of descent data as follows.

First of all, we define an object with descent data to be a triple of sets

({&Yier{&ijtigeri&igk}ijrer),

with a commutative diagram—the first one below, where each &, is an object

of F(Uy,), and in the diagram each arrow is cartesian and when applying the

functor pr : F — C one get part of the second commutative diagram with all
13



faces cartesian(notice that it is not necessary always commutes).

Cijle ———————— &k Uijk ————— Uji

/ e S
§ij ————&; Uj
| =
Uik — Uy,

Sik — &k / /
i U

These form the objects of a category Fuesc({U; — U}).

A morphism

{bitier : ({&itier{&ijbiger{Sidktijuer) — (nitin{nistijer{niik}ijrer)
consists of set of morphisms ¢; : & — n; in F(U;), such that for every pair of
indices 7 and j we have pri¢; = prio; : & — nij.

TR

Similarly, we can define a category whose object is triples ({&; }ier{&ij }ijer{&iik}ijer)
with commutative diagram in F:

/

§ij ———————&;

Cijh —————— &k
§ik — &

A

in which all arrows are cartesian and when applying pr we get the commutative
diagram of U, in C as above. An morphism of Feomp({U;i — U}) is just an
morphism ¢ : £ — n in F(U).

We claim without proof that Feomp({U; — U}) is equivalent to F(U)
by forgetting everything except . And Fuese({U; — U}) is equivalent to
F{U; — U}). Moreover the functor Feomp({Ui — U}) — Faesc({Ui — U})
by forgetting & corresponds to the functor F(U) — F({U; — U}).

This is similar to the several equivalent but different definitions of vector
bundles in geometry, in fact essentially they are one thing since a vector bundle
can be view as a sheaf which is a particular case of stack.

7

Remark 5.4. Since sheaf theory is determined by sieves on a topology, in the
language of sieves the results can be stated more neatly, but I’'m not going to
give the details at this moment, for the some discussion one can refer to [2].

14



5.2. Stacks.

Definition 5.5. Let I/ be a fibred category over a site C.

(1)F is a prestack if for each covering U = {U; — U} of U, the functor
F(U) — F(U) is fully faithful.

(2)F is a stack if for each covering U = {U; — U} of U, the functor
F(U) — F(U) is an equivalence.

Definition 5.6. An object with descent data in F({U; — U}) is effective if
it is isomorphic to the image of an object of F(U).

Concretely, for fibred category F over a site C to be a prestack means the
following. For any object U in C and any covering {U; — U}, two objects £ and
nin F(U), &, &j, ni, nij are some pullbacks to U; and U;j. Suppose that there
are morphisms «; : § — n; in F(U;), such that prio; = pria; : &; — nij for
all 4, j. Then there is a unique morphism « : & — 7 in F(U), whose pullback
to & — m; is «; for all i. By translating the language, we obtain:

Proposition 5.7. Let F be a fibred category over a site C. Then F is a
prestack if and only if for any object S of C and any two objects & and n in
F(S), the functor (see subsection 4.1) Homg(&,m) = (C/S)° — set is a sheaf
with respect to the induced topology of C/S from C.

Proof. See [2]. O

Remark 5.8. For understanding, the notion of stack is similar to the notion of
sheaf. If we can glue the sections (one kind of local data) together then what
we get is a sheaf, here if we can glue the descent data (another kind of local
data) together then what we get is a stack.

Example 5.9. In the classical Zariski topology, to give a sheaf on X, we can
give it on the covering of X, but we require that out local data on the covering
are compatible (the cocycle condition), then the standard argument shows that
there exists a unique sheaf on X such that after restricting to the covering we
get the local data given at the beginning. This means that the fibred category
sheaf /X ar — Xar is a stack.

Proposition 5.10. Let C be a site, F' a presheaf of sets, F(U) is a set which
can be viewed as a category and F is a pseudo-functor, so we get a fibred
category F' — C. Then F is a prestack (resp. stack) if and only if it is a
separated presheaf (resp. sheaf).

Proof. Omitted, see [2]. O

Proposition 5.11. If two fibred categories over a site are equivalent, then the
fact that one of them is a stack (resp. prestack) implies the other.

Proof. See [2]. O

Lemma 5.12. If F is a prestack on a site, U and V two covering of and object
U of C, with V a refinement of U, and F(U) — F(V) is an equivalence, then
F(U) — F(U) is also an equivalence.

15



Proof. See [2]. O

5.3. Descent Theory.

Theorem 5.13. Let V — U be a flat surjective morphism of affine schemes,
then QCoh(U) — QCoh(V — U) is an equivalence of categories.

Proof. We need only to translate the Theorem 1.4. Let U = Spec(A) and
V = Spec(B) with V. — U induced by A — B which is faithfully flat by
Theorem 1.2. We have already known that the categories QCoh(U) (resp.
Qcoh(V)) and Moda (resp. Modpg) are equivalent, with respect to M — M.
To describe an object (i.e. object with descent data) in QCoh(V — U), first

there is a quasi-coherent sheaf M over V, M = M with a B-module M.
In our covering {¢ : V' — U} there is only one map, pull back along pr}

and pr3 from V to V xy V, we get quasi-coherent sheaves priM = M @4 B

and prsM = B®a M on V xy V, an isomorphism ¢ : priM — priM as
sheaves on V' Xy V' corresponds to an isomorphism ¢ : B&®4 M — M ®4 B
as B ® B-modules (unfortunately, I'm so careless that in this equivalence the
foot-indices of one of the definitions QCoh(V — U) and Mods_.p should be
reversed, the ¥ here should be ) ~! in the definition of Mod_.p, even [2] made
this mistake!). The cocycle condition for ¢ holds if and only if ¥113 = 1s.
And also the morphisms of objects with descent data on V' — U correspond to
morphisms in Mods—p. So we get the equivalence Modg_.p ~ QCoh(V —
U). And the functors QCoh(U) — QCoh(V — U) and Mody — Moda_.p
are corresponding. Therefore we have translated the Theorem 1.4 to this
theorem. (|

Lemma 5.14 (Reduction Lemma). Let S be a scheme, F be a fibred cate-
gory over the category S — scheme. Suppose that the following conditions are
satisfied, then F is a stack with respect to the fpqc topology.

(1)F is a stack with respect to the Zariski topology;

(2)Whenever V. — U s a flat surjective morphism of S-schemes which are
both affine, the functor F(U) — F(V — U) is an equivalence of categories.

Remark 5.15. This type of lemma appears frequently in any theory considering
Grothendieck topology, it reduces the global fact to commutative algebra and
basic algebraic geometry in Zariski topology.

Theorem 5.16 (descent of quasi-coherent sheaves). Let S be a scheme. The
fibred category QCoh/S over S — scheme is a stack with respect to the fpqc

topology.

Proof. 1t is a standard fact that QCoh is a stack in Zariski topology, see
example 5.9. For the affine case, it is Theorem 5.13. This is enough by the
reduction Lemma 5.14. O

Proof of reduction lemma. This is just a sketch, for a complete proof see [2].
16



According to Proposition 4.6 and 5.11, we can assume that F is split fibred
category.

The proof divides to several steps.

Step 1, F is a prestack. Given an S-scheme T — S and two objects &
and 7 of F(T'), from the definition of descent data, we see immediately that
the functor Homp(§,n) : T — scheme® — set satisfies the two conditions in
Lemma 3.12, so it is a sheaf in the fpqc topology, then by 5.7 F is a prestack
in the fpqc topology.

Step 2, reduction to the case of a single morphism.

First notice that if U is a disjoint union of open subschemes U;, then the
functor F(U) — [[; F(U;) given by restrictions is an equivalence of categories.

Given any covering {U; — U} in fpqc topology, set V' = [ [, U; with induced
morphism V — U, this is again a covering in fpqc topology by definiton. We
claim that the functor F(U) — F({U; — U}) is an equivalence if and only
it F(U) — F(V — U) is. In fact, we will show that there is an equivalence
F(V —-U) - FH{U; — U}) commuting with the two functors above.

It is easy to see that V xy V ~[]14,5(U; xy Uj). Hence we get the equiva-
lences 7 (V) — [[F(U;) and F(V xpg V) — [, ; F(Ui xu Uj). Let (1, ¢) be an
object in F(V — U), this means 7 is an object of F(V') and ¢ : prin — prin
an isomorphism in F(V xy V') with cocycle condition. Let n; be the restriction
of 7 to U; and ¢;; be the pull back of ¢ to U; xyr Uj, the cocycle condition
of ¢ give those of ¢;;. Check that (n,¢) — ({m},{¢i;}) is an equivalence
F(V —-U)—FH{U;, - U}).

Step 3, the case of a quasi-compact morphism with affine target

Let V' — U be a faithfully flat quasi-compact morphism with U affine, it
is a fpqc morphism by Remark 2.4. Then V is quasi-compact, we can take a
Zariski covering of V' consisting of finite many open affines V;. Let V' =[]V,
with induced V' — U which is again a faithfully flat quasi-compact hence fpqc
morphism. And the covering V' — U is a refinement of V' — U in the fpqc
topology, and F is already a prestack by step 1. But now V/ and U are both
affine, by hypothesis (2) F(U) — F(V' — U) is an equivalence, hence so is
FU)— F(V — U) by Lemma 5.12.

Step 4, the case of a morphism with affine target.

Now let V' — U be any fpqc morphism morphism with U affine. Then by
Proposition 2.2(1), there is a quasi-compact open subscheme W of V maps
onto U, for each x € V take an affine open neighborhood V... Then W UV,
is a Zariski open covering of V, each of which is quasi-compact, and each
W UV, — U is fpqc by Proposition 2.2(2). What we get is a Zariski open
covering {V;} of V' by quasi-compact open subschemes, with V; — U a fpqc
covering for all 1.

17



Now choose an 1, it follows from the previous step that F(U) — F(V; — U)
is an equivalence. Consider the following diagram of functors,

F(U) F(V —=U)

o~

FVi—=U)

notice that the functors are defined through the split cleavage, in the def-
inition for any object n in F(U), pulling it back two times to F(V — U)
then to F(V; — U) is not necessary the same with pulling it back directly to
F(V; — U) (it makes sense if we fix a cleavage), but here it really equals since
split cleavage is closed under composition and the pull back chosen in a fixed
cleavage is unique, so the diagram commutes. Now the left edge is an equiva-
lence and the top edge is fully faithful by step 1, in this step we need to show
that the top edge is also essentially surjective, it follows from the diagram that
we only need to show that the right edge F(V — U) — F(V; — U) is fully
faithful.

F(U) — F(V; — U) is an equivalence hence is full, this implies F(V —
U) — F(V; — U) is full, so it is enough to show that it is faithful. Consider the
following commutative (the same reason as before) diagram involving another
index j,

F(U) FV;uV; = U)

N,

F(Vi—U)

step 3 shows that two edges are equivalences, hence so is the third. We get
the equivalence F(V; UV; — U) — F(V; — U), similarly F(V; UV; — U) —
F(Vj — U), hence an equivalence F(V; — U) — F(V; — U) for any j. If two
morphisms in F(V — U) map to the same morphism in F(V; — U), then they
map to the same in F(V; — U) for any j, so they are the same in F(V — U)
since F is separated by step 1.

Step 5, the general case

Let f:V — U be a fpqc morphism, by Proposition 2.2, U can be written
as a union of affine opens U; such that V; = f~1(U;) — Uj; is a fpqc morphism
which is denoted by f;. We have seen that F(U) — F(V — U) is fully faithful,
need to show that it is essentially surjective. In the following, the pull back
along fpgc morphism will be called pull back, but along Zariski open subset
will be called restriction and denoted by “|”.

18



For each open subscheme U’ of U, we have a fully faithful functor ®; :
FU") — F(f~'U" — U’) such that the following diagrams of functors com-
mute for any U” C U’ (this use the split cleavage).

(5.3.1) FU) —— S F(U")

‘I’U/J( J;PU//

f(f_lU/ N U/) %f(f_lU” N U//)

where the rows is just the natural restrictions.

Now take a object with descent data (n,¢) in F(V — U), want to find a
object & in F(U) such that &y (&) ~ (n, ¢).

Let (n;, ¢;) be restriction of (n,¢) to V;. Since F(U;) — F(V; — U;) is
an equivalence by step 4, we get an object & in F(U;) and an isomorphism
a; @ P& ~ (i, ¢i) in F(V; — U;). We want to glue it in Zariski covering
{U; — U} to get &, we need some descent data ¢;; : &|u,; =~ &jlu,;, which will
be construct as follows with the cocycle conditions.

It is easy to see that V;; = V;NV; = f‘l(Uij), then «; : ®y,& ~ (n:, ¢i)
ailv,.
restrict to V;; we get an isomorphism @y, (&ilv;;) = (Pv.&i)lvi, |—>” (1, d)|vi, >
where the equality comes from the diagram 5.3.1 which tells us that ® com-
mutes with restriction, it is still isomorphic since descent data are functorial
in everything that you can thought. Therefore, we obtain the isomorphism
a;lozj 1 @y, (&Gluy,) = Puy, (&ilu,,), but @y, is an equivalence, so there exists
a unique isomorphism ¢;; : &;|u,; =~ &lu,; such that @y, . ¢i; = a; 1ozj. By ap-
plying CDUijk to these isomorphisms we get the cocycle conditions ¢;, = ¢;jdji
since ai_laj’s do and @y, , is at least fully faithful. By hypothesis (1), we glue
together the &;’s to get & in F(U) with t; : {|y, =~ & where t;|y,; = ¢ij o tju,;-
At last we need to check that under the functor F(U) — F(U — V) it is sent
to something isomorphic to (7, ¢).
. @y, () a;

Since t; : f’Uz ~ &, ¢Uz(§|Uz) = (bUzgl = (7717¢l) = (777¢)|Vz On the
other hand, the left hand side equals to ®y(§)|y; since the diagram 5.3.1
means ¢ commutes with restriction. Hence we obtain an isomorphism (for
each i) a; o @y, (t;) : Py (§)lv; = (1, ¢)|v;. Combine . ¢;; = o taj, tilu,; =
¢ij © tj\Uij and the fact that restriction commutes with ®, we can see when
restrict further to Vj;, the isomorphisms «; o ®yy,(t;) coincide. With respect
to the Zariski covering {V; — V} of V, we glue the isomorphism together
to get an isomorphism f*¢ ~ n whose pullback is «; : f*& ~ n; (see the
discuss after Definition 5.5), this gives an isomorphism of objects with descent
data ®(U) ~ (0, ¢) (we need some more commutative diagrams which can be
checked by the uniqueness of Zariski gluing, but boring).

This completes the proof of reduction lemma. O
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6. APPLICATION

I just want to make the theory look like richer. I'm not going to make these
things into precise, only some facts as application are given here. One can
refer to [6] for some information, which do not contain all details either.

For a finite Galois extension of fields L/K, Spec(L) — Spec(K) is faithful
flat. To give an affine group schemes over L (resp. K) is equivalent to give a
Hopf algebra over L (resp. K), that is an L-vector space with some algebraic
structures. These structures can be define as some mapping between L(resp.
K)-vector spaces. A twisted K-form of an affine group scheme split by L
is given by some descent data, two twisted form are isomorphic over K if
and only if they are isomorphic over L and this isomorphism commutes with
the descent data (i.e. morphism in the category of descent data). And the
isomorphic classes of twisted forms are classified by the Galois cohomology
HY(Gal(L/K),G) where G is the group of L-automorphisms of the affine
group scheme. For the most trivial case G}, G = Gl,,, descent theory of
faithfully flat modules tells us that two descent data are isomorphic if and
only if the two vector spaces are isomorphic, but isomorphic classes of vector
spaces are determined by the dimension, so we obtain the following.

Corollary 6.1 (general Hilbert’s Theorem 90). H'(Gal(L/K),Gly) = 0.
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